Optical microcavities are often used to realize enhanced nonlinear optical interactions for highly efficient second-harmonic generation. With increased pump power, the efficiency of nonlinear frequency conversion can be increased further, while some other unwanted nonlinear effects will also emerge, leading to complicated dynamics or instability. Here, we study the interplay between cascaded second-and third-order nonlinear processes and investigate their impact on the secondharmonic generation in microcavities. It is found that the non-degenerate optical parametric oscillation (OPO) appears and the presence of χ (3) process can modify the OPO threshold significantly when the multimode cavity is strongly pumped at the fundamental optical mode. One can even break the efficiency limitation of the second-harmonic mode restricted by the OPO by utilizing the interference between the OPO and the four-wave mixing. The present coherent interplay between nonlinear optical processes in microcavities is conducive to exploring new physics in the cavity nonlinear photonics.
Optical microcavities are often used to realize enhanced nonlinear optical interactions for highly efficient second-harmonic generation. With increased pump power, the efficiency of nonlinear frequency conversion can be increased further, while some other unwanted nonlinear effects will also emerge, leading to complicated dynamics or instability. Here, we study the interplay between cascaded second-and third-order nonlinear processes and investigate their impact on the secondharmonic generation in microcavities. It is found that the non-degenerate optical parametric oscillation (OPO) appears and the presence of χ (3) process can modify the OPO threshold significantly when the multimode cavity is strongly pumped at the fundamental optical mode. One can even break the efficiency limitation of the second-harmonic mode restricted by the OPO by utilizing the interference between the OPO and the four-wave mixing. The present coherent interplay between nonlinear optical processes in microcavities is conducive to exploring new physics in the cavity nonlinear photonics. 
I. INTRODUCTION
Cavity-assisted nonlinear optical effects have been studied since the last century for their applications in parametric amplification [1] , frequency conversion [2, 3] and frequency combs [4] , by putting nonlinear crystals in traditional macroscopic Fabry-Perot or ring-type cavities. Along with the development of fabrication technologies for high-Q microcavities [5] [6] [7] , strong nonlinear optical effects have been demonstrated [6, 8, 9] , in which the nonlinear interaction between photons of different colo rs is greatly enhanced due to the small mode volume of microcavities. Enhanced nonlinear photonics in microcavities enables low-threshold lasers [10, 11] , optical parametric oscillators [12] , optical squeezing [13, 14] , frequency combs [15] [16] [17] [18] [19] [20] , spontaneous down-conversion quantum photon sources [21] [22] [23] [24] [25] , highly efficient frequency conversion [26] [27] [28] as well as second-harmonic and thirdharmonic generation [29] [30] [31] [32] [33] [34] [35] [36] .
As has been demonstrated in the previous researches, different nonlinear processes might happen simultaneously in an optical microcavity [9, 37, 38] . For example, parametric down-conversion can be observed along with the second-harmonic generation (SHG) [39] . This type of cascaded second-order (χ (2) ) nonlinear processes have been studied a lot in both classical and quantum fields [40, 41] . By harnessing the cascaded effect of the χ (2) nonlinearity, it is feasible to achieve efficient higherorder harmonic light generation [32, 37, 39, 42] , multipartite entanglement [43] and frequency combs in different mode families [44] [45] [46] . However, for the analysis of those * clzou321@ustc.edu.cn † dxdai@zju.edu.cn nonlinear optical processes, previously people usually use a simple model, in which only the χ (2) nonlinearity is taken into consideration. Such a simple model is only valid when the other nonlinear interactions such as χ (3) and Raman are very weak, or the interactions involving other modes are not on-resonance [35] . In presence of the χ (3) , Raman or other types of nonlinear processes, the χ (2) nonlinear process may be affected. As a result, the simple model does not work well .
For example, for the SHG, the high SH power will dissipate to other modes through spontaneous downconversion, and the pump power may also dissipated to other modes through the spontaneous four-wave mixing (FWM). As a result, the high conversion efficiency predicted by the simple model may be invalid. A fundamental question for the multimode cavity nonlinear photonic system is: what is the efficiency of SHG in a cavity supporting both χ (2) and χ (3) nonlinearity and will the different nonlinear processes interfere with each other? In this work, we establish an improved model containing both the χ (2) and χ (3) nonlinear interactions in a multimode microcavity. With this model, we investigate the interference between cascaded second-order process and third-order process and its effect on SHG. According to our calculations, the χ (3) process can modify the threshold of parametric down-conversion, thus altering the energy flow from the second-harmonic (SH) mode to its neighbor modes. It is revealed that a key for achieving higher SHG efficiency is to optimize the resonant frequency of the SH mode according to the coupling strength of the χ (3) process.
PROCESSES Fig. 1(a) shows the considered microcavity system, where multiple optical modes in both the visible and infrared bands are supported in the same cavity. When the cavity is designed carefully for phase matching and tuned precisely for double resonances, efficient SHG can be achieved, as demonstrated experimentally in [35] . The photon interaction Hamiltonian is described by a χ (2) process between mode a and d as a 2 d † + a †2 d. Traditionally, most work in cavity-enhanced SHG was based on the double-resonance condition and the non-depletion approximation [30, 31, 33] . For the the case with weak pump power and weak nonlinear effect, the spontaneous parametric down-conversion (SPDC) and FWM processes induced by the vacuum fluctuation can be neglected. Therefore, the SHG process is often approximately modeled as two coupled harmonic oscillators.
However, one should notice that there also exist multiple adjacent modes near mode a and d in a cavity. The orbit angular momentum of these modes differ by integers and their frequencies are almost equally spaced. When the pump power increases, the intra-cavity photon number arrives at the threshold of stimulated emission at mode a due to the degenerate parametric down conversion process a 2 d † + a †2 d (a reversal process of SHG), breaking the non-depletion condition of SHG. Also, d can couple to the adjacent modes (b, c) around the fundamental mode a (see Fig. 1(a) ) through non-degenerate SPDC (bcd
Both processes might decrease the efficiency of SHG.
In addition to the cascaded SHG and down-conversion, the χ (3) process redistributes the energy in the modes adjacent to a and d through the FWM. Taking the FWM, self-phase modulation (SPM) and cross-phase modulation (XPM) into consideration, the system can be described by the Hamiltonian [47] ,
where f j is the j-th mode in the fundamental mode familiy, s j is the j-th mode in the SH mode familiy,
is the interaction due to χ 3 including the four-wave mixing in one mode familiy and between two mode families, which has the form g
. ω f,j is the resonant frequency of the j-th mode in the fundamental mode family and similar for the SH mode, N 1 and N 2 are the number of modes in each mode familiy, g 3 and g 2 represent the single photon coupling strength of the third-and second-order process.
In order to quantitatively analyze the system, we estimate the single photon coupling strengths of different processes. In a ring-type microcavity, the single photon coupling strength can be derived from the nonlinear interaction Hamiltonian E · P nl , which are given in the following for SHG (χ (2) ) and degenerate FWM (χ (3) ) [8, 35] ,
where R is the radius of the microcavity, ξ i is the mode overlap factor in the cross section and fulfills 0 ≤ ξ i ≤ 1,
A ef f is the effective mode area in the cross section, i is the relative dielectric constant at frequency ω i .
To give a preliminary proof of the complicated multimode and multiple nonlinearity processes, we numerically simulate the coupling between the 1550 nm fundamental frequency mode family (30 modes) and 775 nm SH mode family (30 modes) in a AlN microcavity based the Hamiltonian in Equation (1 These parameters are referred to the experimental work in Ref. [47] . As shown in Fig. 1(b) , without the χ (3) interaction, there are only two modes generated and the system operates below the OPO threshold (the critical point that the adjacent modes just start to oscillate). When there exists the χ (3) interaction, OPO appears and many modes are excited in each mode family. As a result, the energy flows to mode b, c and their adjacencies, and the SHG efficiency decreases. The preliminary analysis shows that the χ (2) process is indeed influenced by the χ (3) process.
Considering that the visible modes have lower Q and the pump is in the infrared band, it is reasonable to neglect the FWM in the visible band. Due to the dispersion of the cavity mode, resonant modes far from the pump have relatively large detunings. This is also verified by the results in Fig. 1(b) that only a few of modes near d in the visible band is significantly involved in the nonlinear processes. Therefore, there are mainly three processes in the microcavity:
(i) χ (2) process (a + a → d), with a coupling strength g 2 .
(ii) χ (3) process (a + a → b + c) with a coupling strength g 3 .
( [40] . The effective coupling strength scales with g Generally, the χ
susceptibility of noncentrosymmetric materials is 8 to 10 order of magnitude smaller than χ (2) [48] .
The third-order nonlinear interaction of optical modes is negligible compared to second-order interaction for most situations in traditional bulk, fiber and waveguide optics. Things may change when we study the nonlinear interaction in an optical cavity. The highly concentrated optical field in both space and time domain will significantly enhance the interaction strengths in different manners for different processes. The processes (ii) and (iii) are negligible for small pump power, and should be take into consideration when the effective cooperativity
, κ i is the decay rate of the i-th mode with i ∈ {a, b, c, d}. Under certain conditions, the probability amplitudes of these processes might have the same order of magnitude. The phase between the two paths will cause constructive or destructive interference.
When the coupling strength g 3 and g 2 2 /κ d are comparable, i.e. C
(ii) ∼ C (iii) , the interference of the three nonlinear processes occurs if the pump (or intracavity photon number N a in the pump mode) is large enough. This condition requires
Generally, the χ (2) and χ (3) [26, 35] , GaAs [49] , GaN [50] and Lithium Niobate (LN) [51, 52] . Note that the condition can be relaxed by changing the detuning of mode d or engineering the mode overlap factors. In Fig. 1(c) , we plot the scaling relation between the coupling strengths of the cascaded χ (2) -χ (2) process and χ (3) process. The black line shows the situation that the coupling strength g 2 2 /κ d of the cascaded χ (2) − χ (2) process equals g 3 . From this figure, it can be seen that the coupling strength g 3 of the third-order process possibly becomes comparable to or even higher than the cascaded second-order process, which depends on the detuning and quality factor of mode d. When g 3 > g 2 2 /κ d (i.e., the upper area of Fig. 1(c) ), the cascaded χ (2) -χ (2) process is dominant in the system.
III. MODEL
In this section, we study the simplified model that only includes the nearest modes b, c, to simplify the complex nonlinear system and reveal the essential physics of the multimode and multiple nonlinear processes. In presence of continuous-wave pumping field with frequency near mode a, the Hamiltonian can be written as
Here, ω x,0 is the resonant frequency of the mode x with x ∈ {a, b, c, d}, ω a is the pump frequency near the resonance of mode a, g 3 , g 22 and g 21 represent the single photon coupling strength of FWM, SHG and sumfrequency generation. a = 2κa,1Pa ωa is the pump field strength, κ a,1 is the external coupling rate between cavity and waveguide and P a is the pump power to mode a. Note that the Hamiltonian does not contain self-phase modulation (SPM) and cross-phase modulation (XPM) terms, which only shift the frequencies of the resonant modes in our case. Here, we only care about the steady state behavior of the system. In the rotating frame, the Hamiltonian can be simplified to,
where δ x = ω x,0 − ω a with x ∈ {a, b, c} and δ d = ω d,0 − 2ω a . For pump power below the OPO threshold P < P c , b = c = 0 (neglecting the vacuum induced SPDC and FWM), the Hamiltonian reduces to the form of simple two-mode SHG. Now we consider the pump power P > P c , under which the energy might flow to mode b and c with b, c = 0. Following the Heisenberg equation and mean field approximation [26, 35] , the dynamics of the operator and the corresponding mean field of each mode both obey the following form,
Here, we neglect the fluctuations and only concern the mean field of each mode. The amplitudes of the fields are treated as complex numbers. At steady state, do dt = 0 with o ∈ {a, b, c, d}, and we get four coupled nonlinear equations. Multiplying Eq. (7) by the conjugate of Eq. (9), we get the pump independent parameter
where a s and d s are the amplitude of the fundamental and SH mode at steady state. The parameter depends only on the detunings and decay rates of mode b, c, which is similar to the OPO threshold [53] . In absence of the χ (3) process, the maximum intracavity SH light amplitude fulfills the threshold relation
Comparing equation 11 with 12, it is found that the interference between χ (2) and χ (3) process alters the steady state (maximum) value of |d s | 2 by the factor g 3 a 2 s . We can imagine that opposite phases of g 3 a 2 s and g 21 d S will give larger value of |d s |, compared with the pure χ (2) process. In this sense, the χ (3) process increases the SHG power.
Before calculating the SHG efficiency, we first investigate the threshold of the OPO. The photons in mode a and d can both provide "gain" for b, c via nonlinear interactions. If the "gain" can compensate the decay of mode b, c, parametric oscillation in these modes appears. However, the "gain" from the two different paths have different phases, which may result in constructive or destructive interference of the cascaded χ (2) -χ (2) and χ
processes. As a result, the effective "gain" determines the threshold of the system. For pump power below threshold, b = c = 0, the steady state intracavity photon numbers of a and d are related by SHG
Increasing the pump power to the threshold P c , equation 11 and 13 hold simultaneously, we get
We can further derive the intracavity photon number A s in mode a at the threshold
and the pump threshold P c of OPO
Equation (14) indicates that the coupling strength g 3 and cascaded parameter
have different phases depending on the second-order coupling strengths g 21 and g 22 , the detuning and decay rate of mode d. As shown in Fig. 2(a) , the threshold of pump power is altered by the detuning of the SH mode. For blue detuning of d (δ d > 0) and g 3 > 0, g 3 and
have opposite phases, resulting in destructive interference between the two processes. The destructive interference reduces the effective "gain" parameter, thus raising the threshold rapidly. For δ d = 2κ d , the threshold increases by 26 times compared to the case g 3 = 0, and 16 times compared to OPO induced by only χ (3) process. While for red detuning, the two paths interfere constructively and can reduce the threshold (Fig. 2(a) ), which may find application in building low-threshold parametric oscillators and frequency combs.
As a consequence, the generated SH power is changed in presence of χ (3) process in two ways. First, for the case g 3 = 0, the SH mode photon number has a upper bound
restricted by OPO threshold [40] . The change of the threshold promotes or reduces the upper bound. Second, even though Eq. (11) holds regardless of the pump power, the detuning δ d or the nonlinear coupling among the four modes may change the phase difference ∆θ between g 3 a 2 s and g 21 d s to fulfill π/2 < ∆θ < 3π/2. In this case, the upper bound from OPO threshold can be broken if the pump is strong enough.
The relationship between the pump power and the output SH power is obtained by numerically solving the coupled nonlinear equations (Eqs. (7)- (10)) As shown in Fig. 3 , one sees that the threshold changes for different detunings, which is consistent with the results in Fig. 2 . When the pump power increases beyond the threshold, part of the pump energy is converted to the neighbor modes of a and the SH power decreases. When destructive interference happens, the efficiency of the SHG can evolve along the isolated SHG curve to achieve a higher power, avoiding the energy flow to other modes in a large range of pump power. When constructive interference happens, the threshold is even lower than that of g 3 = 0, which accelerates the loss of pump energy. Another striking phenomenon we should pay attention is the conversion efficiency for pump powers above the threshold. The intra-cavity photon number of the SH mode is not restricted by the upper bound in general OPO process. Both the curves of destructive and constructive interference (Blue line in Fig. 3 ) can exceed the upper bound restricted by the general OPO(Solid red line in Fig. 3) . Consequently, the SHG efficiency can be unambiguously increased by the interference effect. This phenomenon Then, we go further to investigate how to acquire higher SH power for any given pump power and microcavity. An effective way is to control the interference of different nonlinear processes to avoid or reduce the energy flow to the fundamental frequency modes near a. Changing the detuning of mode d to values having different signs with g 3 can generate the desired destructive interference, which can be realized using thermal or electro-optic methods. Fig. 4 shows the intracavity photon number of the SH mode as the frequency detuning δ d varies. It can be seen that there is a strong correlation between the signs of g 3 and δ d .
Since the detuning δ d between the SH mode and the frequency of pump laser can modify the phase relation of the two paths, it should be carefully controlled to improve the conversion efficiency. Note that zero detuning does not maximize the highest conversion efficiency. The comparison between Figs. 4(a) and 4(b) indicates that the detuning for highest conversion efficiency is also related to the pump power, as well as g 3 . This result demonstrates our deduction that the phase contrast of the two paths is intensity-dependent.
IV. DISCUSSION
Throughout our simulations, the second-order nonliner coupling strength is g 2 /2Π = 0.1 Hz and the third-order nonlinear coupling strength is at the order of 1 − 10 Hz. The decay rate of the SH mode is 0.8 × 10
9 Hz, corresponding to loaded quality factor of 2.5 × 10 5 at 775 nm wavelength. In Ref. [26, 35, 47] , the authors reported AlN microrings with diameter of several tens of micrometer and measured the quality factor to be 2.3 × 10 5 and 1.16 × 10 5 in 775 nm and 1550 nm band. The estimated nonlinear coupling strengths are 0.11 M Hz for second-order process and several Hz for third-order process. Since our simulation are based on the current fabrication technology, we believe our prediction could be experimentally realized in the near future.
In the above analysis, we have made several simplifications to the multimode microcavity with multiple nonlinear processes. The following processes are neglected: the FWM among the visible modes, SPM, XPM, sum/difference-frequency generation between the fundamental and SH modes. These simplifications are valid when the frequencies of the resonant modes are not equally spaced and the frequency shifts of the resonant modes due to SPM and XPM are small. For higher pump powers or microcavities with lower dispersion coefficients, more modes should be included to make a complete model. In addition, other nonlinear effects, such as Brillouin scattering, Raman scattering and nonlinear losses, may also play an significant role under certain conditions,which opens a new avenue for studying complex coherent nonlinear phenomenon in optical microcavities. In addition to the coherent interference between different nonlinear processes studied here, we think many other new phenomena will be observed experimentally in the near future. For example, as a reverse process of SHG, the χ (2) -assisted SPDC in microcavities can also be influenced by χ (3) nonlinearity. Another example is the thirdharmonic generation, which can be realized via either χ (3) or cascaded χ (2) -χ (2) nonlinear process. The coherent interference between different nonlinear processes provides a powerful method to engineer nonlinear photonics in a microcavity and develop new applications. In addition, the multiple mode microcavity with multiple nonlinear processes can also serve as a platform for fundamental studies on the dynamics and stabilities of complex nonlinear systems.
V. CONCLUSION
In conclusion, we have investigated the coherent interference between nonlinear χ (3) and cascaded χ (2) -χ (2) processes in an optical cavity. For a multimode microcavity, the efficient SHG will accompany with the FWM at pump frequency and non-degeneration optical parametric oscillation generated by the SH light. We first demonstratethat the FWM and down-conversion can significantly affect the efficiency of SHG, due to the saturation and the conversion of the SH light to other modes. Then, we studied the coherent interplay between those nonlinear processes, and demonstrate that the interference can suppress the energy leakage from the SH mode to other modes. According to our analysis, the phase difference between the cascaded χ (2) -χ (2) and χ (3) processes depends strongly on the detuning of the SH mode, which will significantly influence the threshold of the system. Above threshold, the upper bound of SHG efficiency for pure-χ (2) nonlinearity can be broken for appropriate phase difference. Our study clearly explains the mechanism of SHG affected by other nonlinear processes and complements the blank in the study of SHG with highpower pump. It can be generalized to more complex systems containing many resonances which couple with each other via different nonlinear processes, including χ (2) , χ (3) and high-order nonlinearities, as well as Raman and Brillouin scattering processes.
